Abstract. We provide a class of geometric convex domains on which the Carathéodory-Reiffen metric, the Bergman metric, the complete Kähler-Einstein metric of negative scalar curvature are uniformly equivalent, but not proportional to each other. As an application, we provide a necessary and sufficient condition for a taut complex manifold to be biholomorphic to a geometric convex domain.
Introduction and results
Our paper is related to the very recent paper [24] in which D. Wu and S.T. Yau show that for a simply connected complete Kähler manifold (M, ω) with negative Riemmanian sectional curvature range, the base Kähler metric ω is uniformly equivalent to the Bergman metric, the complete Kähler-Einstein metric and the Kobayashi metric. Based on this result, it is reasonable to ask whether such (M, ω) must be biholomorphic to a bounded strongly pseudoconvex domain in C n , since it is known that the metrics are uniformly equivalent to each other for these domains (see, for example, [[4] , [6] , [9] , [11] , [19] , [26] ] and references therein). We will show that there are bounded weakly pseudoconvex domains in C n such that metrics are uniformly equivalent but never proportional to each other. Let B n be the unit disk in C n . Denote by γ Bn , χ Bn , g B Bn , g KE Bn the Carathéodory-Reiffen metric, the Kobayashi-Royden metric, the Bergman metric, and the complete Kähler-Einstein metric respectively. These metrics are all invariant under biholomorphism and we have γ Bn (a; v) = χ Bn (a; v) < g B Bn ((a; v), (a; v)) = g KE Bn ((a; v), (a; v)) = cγ Bn (a; v) (1.1) for any non-zero tangent vector (a; v) where c = c(n) > 0. Hence if instead of the unit disk in C n one considers more general complex manifolds, the four metrics provide characterizations into several classes. For a class of pseudoconvex domains in C n , one should expect that the relation among intrinsic metrics is different from (1.1) but that some common phenomenon can be captured.
One might regard convex domains in C n as generalizations of the unit disk in C n . The classical Lempert's theorem tell us that on a geometric convex domain Ω in C n , the Carathéodory-Reiffen metric γ Ω and the Kobayashi-Royden metric χ Ω are equal and an analogous conclusion holds for the Carathéodory-distance c Ω and the Kobayashi-distance k Ω (e.g, see [19] and [25] ). Hence for geometric convex domains, the Bergman metric and the Kähler-Einstein metric in (1.1) can provide the information for weakly pseudoconvex domains. To study this situation, we will consider the complex ellipsoid E = E(m, n, p) := {(z, w) ∈ C n × C m : |z| 2 + |w| 2p < 1}.
In [22] , B. Wong proved that any bounded strongly pseudoconvex domain in C n with noncompact automorphism group is biholomorphic to the unit ball B n in C n . For the weakly pseudoconvex case, E. Bedford and S. Pinchuk proved in [2] that any bounded pseudoconvex domain with real analytic boundary in C 2 with noncompact automorphism group is biholomorphic to a complex ellipsoid E = E(1, 1, p) = {(z, w) ∈ C 1 × C 1 : |z| 2 + |w| 2p < 1}. The geometric convexity of E when p > 1/2 implies that the Carathéodory-Reiffen metric and the Kobayashi-Royden metric are the same. However, E is not biholomorphic to the unit disk B 2 in C 2 , and E is C 2 -weakly pseudoconvex when p > 1 because of the special boundary points |z| = 1. Hence one may naturally ask for information on the Bergman metric and the complete Kähler-Einstein metric on weakly pseudoconvex domains E.
In [10] , S. Fu and B. Wong showed that for a simply-connected strictly pseudoconvex domain in C 2 with smooth boundary, if the Bergman metric is Kähler-Einstein, then the domain must biholomorphic to the ball. This is also claimed to be true for C n (see, for example, [13] ). Since the complex ellipsoid E = E(m, n, p) with p > 1 is a weakly pseudoconvex domain, those results do not imply the certain information of the Bergman metric and the complete Kähler-Einstein metric on E. Thus it is natural to ask whether or not the Kobayashi-Royden metric, the Bergman metric and the Kähler-Einstein metric on E are uniformly equivalent or even equal to each other.
For any λ > 0, denote the complete Kähler-Einstein metric of the Ricci eigenvalue −λ, the Bergman metric and the Kobayashi-Royden metric on E = E(m, n, p) by g KE E , g B E and χ E respectively. In the next theorem results from [24] are applied to show that even though E(m, n, p) with p ≥ 1 is a weakly pseudoconvex domain, the intrinsic metrics are uniformly equivalent to each other. Here are the results on the complex ellipsoid: Theorem 1. Let E = E(m, n, p) for any m, n ∈ N and p ≥ 1. Then there exists C > 0 such that g KE E , g B E and χ E are uniformly equivalent to each other by C > 0.
In the Theorem 1, C > 0 only depends on m, n and the negative holomorphic sectional curvature range of the W. Yin's complete invariant Kähler metric in [29] . For the special case of E = E(m, 1, p), one can say that C > 0 only depends on m and the negative Riemmanian sectional curvature range of the Kähler-Einstein metric on E.
In [29] , it was also shown that the there exists C > 0 satisfying g B E (v, v) ≤ Cχ E (v) for any v ∈ T E. Remark 1. After the author submitted the paper on ArXiv, Prof. Yunhui Wu pointed out the Theorem 1 can be proved by an alternative approach, which combines Theorem 1 in [15] and Theorem 7.2 in [18] or Theorem 2 in [27] . On the other hand, Prof. Damin Wu informed me that the proof of Theorem 1 in this paper also achieve the following further consequence: for any closed complex submanifold S in E = E(m, n, p), It was known that (1.3) holds for any bounded domains in C n (e.g, see [14] ). The proof of (1.4) is given within the proof of Theorem 3.
The above consequence yields the following corollary:
Corollary 3. There is a simply connected, weakly(but not strongly) pseudoconvex domain in C 2 with negative Riemmanian sectional curvature range with respect to the Kähler-Einstein metric such that the Bergman metric, the Kähler-Einstein metric, the Kobayashi metric are uniformly equivalent but never proportional to each other.
Remark 2. Based on our result, it is still meaningful to ask the following question: given the simply connected complete Kähler manifold (M, ω) with negative Riemmanian sectional curvature range, can we show that (M, ω) must be biholomorphic to a bounded weakly pseudoconvex domain in C n ? In this case, it is possible that the Caratheodory-Reiffen metric may be equivalent to other intrinsic metrics. However, the existence of the non-constant holomorphic function f : M → D is not yet proven. To address this issue, one might consider the L2-estimate on complex manifolds (e.g, see [5] .)
We are also interested in asking under what assumptions a complex manifold is biholomorphic to the complex ellipsoid. In the following theorem, we borrowed the same assumption on G from the theorem in [12] , but we assumed the Carathéodory-isometry at one point instead of the Kobayashi-isometry. 
Interestingly, Theorem 4 tells us that under the Carathéodory-isometry assumption on the one point between a complex manifold M and a certain bounded balanced pseudoconvex domain, γ M = χ M characterizes the geometric convexity of M . In general however, γ M (p; v) = χ M (p; v) for all (p; v) on a complex manifold M does not imply that M is biholomorphic to a convex domain in C n ; a well-known counterexample is the symmetric bidisk
In Theorem 4, M is said to be taut if whenever N is a complex manifold and f j : N → M is a sequence of holomorphic maps, then either there exists a subsequence which is compactly divergent or a subsequence which converges uniformly on compact subsets to a holomorphic map f : N → M . If M is taut, then the infimum of (2.1) is always attained by some holomorphic map f . Also a boundary point x of G in C n is said to be an extreme point for G if there is no non-constant holomorphic map f : D → G with x = f (0).
Finally, the complex ellipsoid E = E(m, n, p) for any m, n ∈ N and p > 0 satisfies the conditions for G in the Theorem 4. Thus we obtained the answer for our question:
for all (a; v) if and only if M is biholomorphic to E and p > 1/2.
Necessary ingredients
In this section, we collect the necessary definitions that we use to prove our results.
The Caratheodory-Reiffen metric, Kobayashi-Royden metric, Bergman, Kähler-Einstein metric of negative scalar curvature are examples of invariant metrics on bounded weakly pseudoconvex domains in C n .
Let D denote the open unit disk in C. Let z ∈ G and v ∈ T z G a tangent vector at z. Define the Carathéodory-Reiffen metric by
The Kobayashi-Royden metric is defined by
Let ρ D (a, b) denotes the distance between two points a, b ∈ D with respect to the Poincáre metric of constant holomorphic sectional curvature −4.
The Carathéodory pseudo-distance c G on G is defined by
Here, ρ D (a, b) denotes the integrated Poincare distance on the unit disk D.
The inner-Carathéodory length and the Kobayashi length of a piecewise
and
respectively. The inner-Carathéodory pseudo-distance and the inner-Kobayashi pseudodistance on G are defined by
where the infimums are taken over all piece-wise C 1 curves in G joining x and y.
The following relation is true in general:
Note that if G is a bounded domain, then k G , c i G , c G are non-degenerate and the topology induced by theses distances is the Euclidean topology.
For a bounded domain G in C n , denote A 2 (G) the holomorphic functions in L 2 (G). Let {ϕ j : j ∈ N} be an orthonormal basis for A 2 (G) with respect to the L 2 -inner product. The Bergman kernel K G associated to G is given by
Note that K G does not depend on the choice of orthonormal basis, gives rise to an invariant metric, the Bergman metric on G as follows:
We say a domain G ∈ C n is weakly pseudoconvex if G has a continuous plurisubharmonic exhaustion function. In particular, every geometric convex set is a weakly pseudoconvex domain.
The existence of the complete Kähler-Einstein metric on a bounded pseudoconvex domain was given in the main theorem in [20] . Based on this result, we can always find the unique complete Kähler-Einstein metric of the Ricci eigenvalue −λ on a bounded weakly pseudoconvex domain G for any λ > 0. i.e., g KE G satisfies g KE G = −λRic g KE G as a two tensor.
Finally, the Minkowski function h G : C n → R >0 on the balanced domain G in C n is defined by h G (X) := inf{t > 0 : X/t ∈ G}. With h G , G can be written by
Note that G is a geometric convex domain if and only if h G is a semi-norm. i.e.,
, χ E (0; ) is explcitly obtained:
where µ is the unique solution of µ 2 |u| 2 + µ 2p |v| 2p = 1. Although h E (.) = γ E (0; .) = χ E (0; .) is also a semi-norm because of the geometric convexity of E, the formula of γ E (0; (u, v)) can be quite different from γ Bn (0; (u, v)) = |(u, v)| in general. For instance, when p = 2, we can easily obtain the explicit Minkowski function:
Proof of Theorem 1
Proof of Theorem 1. In the case of E = E(m, 1, p), It was shown that for p ≥ 1, the Kähler-Einstein metric on E has Riemannian sectional curvature negative range (See the Theorem 4-(a) in [3] .) From this information, we can immediately conclude that the Kähler-Einstein metric is uniformly equivalent to the Kobayashi-Royden metric and the Bergman metric by the Corollary 7 in [24] . We will consider the different approach to cover the cases of E = E(m, n, p) with n = 1. For this purpose, W. Yin's complete invariant Kähler metric Y will be used. (see [29] ).
From [8] , the Bergman kernel for E = E(m, n, p) can be written as the following function: 
From the same paper, it was also shown that there exists C > 0 such that the holomorphic sectional curvature of Y on E is bounded above by −C. Then by the generalized Schwarz lemma and the geometric convexity of E,
for any vector v ∈ T E. We will show that there exists D > 0 such that the holomorphic sectional curvature of Y is bounded below by −D. Then by the Theorem 3 in [24] , Y must be equivalent to the g KE E and we get the desired result by (3.1).
Note that the holomorphic sectional curvature is invariant under the biholomorphic maps, and for any (z, w) ∈ E, there exists an automorphism f on E such that f (z, w) = (0, w ′ ). Thus it suffices to compute the holomorphic sectional curvature when z = 0. The formula of the holomorphic sectional curvature ω[(z, w), d(z, w)] z=0 of Y is explcitly given in [29] : for any D > 0,
2)
with λ = aN 1 . Thus if we can prove P * 1 , P * 12 , P * 2 , Q * 1 , Q * 2 and R * are all non positive for some D > 0 then we obtain
and R * are all non positive and the proof is over.
Remark 4.
We actually proved here is more stronger than we claimed in the theorem 1 . We showed that g KE E , g B E , χ E and Yin's complete invariant Kähler metric Y are uniformly equivalent. In the case of E = E (m, 1, p) , by the Corollary 7 in [24] , we have the same conclusion based on the negative range of the Riemmanian sectional curvature of g KE E and the relation
Proof of Theorem 2
Proof of Theorem 2. With the global coordinate (z, w) ∈ E in C 2 , let { ∂ ∂z , ∂ ∂w } be the basis on T 1,0 0 E. In [8] , the explicit Bergman kernel K E on E is known:
where c 2 , c 1 are given by
To prove g B E = g KE E , it is enough to show that g B E is not Einstein, thus if there is no constant c ∈ R satisfying
= c for any ((z, w), (z, w)) ∈ E, then we are done. To show this, assume that
Let us fix the element ((z, w), (z, w)) in E satisfying z = z and w = w = 0. For the computation of det g B E , one can notice that the following terms are vanished because of the assumption w = w = 0:
which gives a remedy for the ugly formula of derivatives of det g B E .
From
the right hand side of (4.3) becomes
Also one can compute
Hence one can see that (4.4) consist of following terms:
On the other hand, in the left hand side of (4.3), one can check
∂z∂z , the second order derivative contains the different term compare to previous two cases: 
which is non-zero. Thus by dividing each side of (4.3) by −(
p and letting z → 1, then (4.3) becomes 1 = ±∞, which is a contradiction and the proof is over.
Remark 5.
One can see that it is possible to get the explicit formula of (4.3) for arbitrary ((z, w), (z, w)) in E by using (4.1) to get the conclusion, but this approach might be hard to enlighten the mind.
Proof of Theorem 3
Proof of Theorem 3. We will proceed with the two different proofs. The first proof is by using the Theorem 2 in [22] : for G be a simply-connected bounded domain in C n , assume that G is complete hyperbolic and γ G = χ G , and they are smooth hermitian metrics in the usual sense of differential geometry. Then G is biholomorphic to the unit ball. Hence if we assume γ E (a; .) = √ λ g KE E (., .), then E must be biholomorphic to the unit disk, which is impossible when p = 1. Also, the same argument works for the g B E , the proof of (1.4) is also established. We want to consider the second proof because this alternative argument would be useful for many other purposes. The similar argument below was considered to get the distance comparison on bounded weakly pseudoconvex domains but not geometric convex, see [7] .
Step 1, we will establish the basic settings for the proof. We will assume that n = m = 1 and p = 2. For arbitrary (p, n, m), the proof works in the same way. For each r > 0, define
It's obvious that E r is biholomorphic to E for any r > 0. With the global coordinate . From now on, with the usual global coordinates (z 1 , z 2 ) ∈ E r , denote
Step 2, We will see that for each 0 < δ < 1, there exists (x, x) ∈ E r such that
for some r > 0. These inequalities are equivalent to 2 δ < rx
These inequalities can be obtained since δ is fixed and we can control x which can go to zero and also r > 0 if necessary. With (x, x) ∈ E r , we will control the extremal map f : E r → D with respect to the Carathéodory-distance such that
After acting on the unit disk by an automorphism, we may assume that f (0, 0) = 0. Also we can replace f by the symmetrization map x) ). Around the origin, one can write f as a power series
, where each P m (z 1 , z 2 ) is a homogeneous polynomial of degree m. Since we use 1 2 (f (x, y) + f (y, x)), we can replace a 1 z 1 + a 2 z 2 by a(z 1 + z 2 ) for some real number a (after acting on the unit disk by an automorphism if necessary). Then by the generalized Schwarz Lemma in [28] , f * γ D ≤ λg KE Er . In particular, we get a ≤ √ λ g KE Er (0)(X 1 , X 1 ).
Step 3, Restrict the Carathéodory-extremal map f in step 2 to δD with respect to the first coordinate z 1 (i.e., make w = 0), gives the map f : δD → D, and the origin maps to origin by this restriction map f . Then the Classical-Schwarz lemma implies aδ ≤ 1 and with (5.2), this implies we have (x, x) ∈ E r such that
Step 4, we will show there exists a hypersurface of E r given by √ λ g KE Er (X 1 , X 1 )(0)(z 1 + z 2 ) = 1. To do so, consider a projection map, i.e., we can define the holomorphic map from (E r , g This implies we can take (z 1 , z 2 ) ∈ E r which satisfies √ λ g KE Er (X 1 , X 1 )(0)(z 1 + z 2 ) = 1, because z 1 , z 2 can be arbitrary small near the origin in E r .
Step 5, we will show a < √ λ g KE Er (0)(X 1 , X 1 ). Assume a = √ λ g KE Er (0)(X 1 , X 1 ). Since there exists a hypersurface of E r given by √ λ g KE Er (X 1 , X 1 )(0)(z 1 + z 2 ) = 1, thus we can choose (u 1 , u 2 ) ∈ E r such that u 1 + u 2 = 1 √ λ g KE Er (0)(X 1 ,X 1 )
. Define Thus we obtain x + rx 3 ≤ 2 √ λ g KE Er (0)(X 1 , X 1 ). On the other hand, from (5.4), we also have x + rx 3 > 2a = 2 √ λ g KE Er (0)(X 1 , X 1 ), which is impossible. Hence a < √ λ g KE Er (0)(X 1 , X 1 ).
Step 6, a < √ λ g KE Er (0)(X 1 , X 1 ) implies Hence χ M (p; v) = χ G (f (p); df (v)) for all (p; v). By Theorem 1 in [12] , f is a biholomorphism and γ G (0; .) = χ G (0; .). From the proposition 3.5.3 in [14] , χ G (0; .) = h G (.), where h G (.) is the Minkowki function. Since it is clear that γ G (0; X +Y ) ≤ γ G (0; X)+ γ G (0; Y ) for any X, Y ∈ C n from the definition of γ G , h G is a semi-norm. This implies that G should be a convex domain and we are done.
